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Abstract

Unitary representations of kinematical symmetry groups of quantum systems
are fundamental in quantum theory. In this paper we propose their
generalization to quantum kinematical groups. Using the method, proposed
by us in a recent paper (Arratia O and del Olmo M A 2001 Preprint
math.QA/0110275) to induce representations of quantum bicrossproduct
algebras, we construct the representations of the family of standard quantum
inhomogeneous algebras U, (iso,(2)). This family contains the quantum
Euclidean, Galilei and Poincaré algebras, all of them in (1 + 1) dimensions.
As byproducts we obtain the actions of these quantum algebras on regular
co-spaces that are an algebraic generalization of the homogeneous spaces and
q-Casimir equations which play the role of g-Schrédinger equations.

PACS numbers: 03.65.Fd, 02.20.Uw, 02.40.Hw

1. Introduction

Therole played by the unitary representations of the (kinematical) symmetry groups of quantum
physical systems is well known. One can classify the elementary systems [1] according to
the unitary representations or obtain their corresponding Schrodinger equations using local
representations [2]. In recent years we have been involved in a programme directed towards
the construction of a theory of induced representations for quantum algebras [3—-6]. Our aim
is to obtain a quantum counterpart to the programme that Wigner started in 1939 for Lie
groups [1], which has been so fruitful in quantum physics.

Kinematical groups such as Poincaré and Galilei, whose physical interest is not in any
doubt, have the structure of a semidirect product. The quantum version of this kind of structure
for quantum groups is that of the bicrossproduct [7, 8]. In this case a quantum Lie algebra
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inherits the ‘semidirect’ structure in the algebra sector and the algebra of the functions also
has a semidirect product structure in the coalgebra sector.

It is worth mentioning that there exist several types of deformations of kinematical
algebras, most of them sharing the bicrossproduct structure. In a first approximation we
can consider standard and non-standard deformations, which are related to the fact that the
associated classical r-matrix is quasi-triangular or triangular, respectively [9]. Inside the
former we find ‘time-like’ deformations, in the sense that the generator of the time translations
is primitive and the deformation parameter has dimensions of the inverse of time. This is
the case for the «-Poincaré [10] and «-Galilei algebras [11], with « denoting the deformation
parameter. These k-algebras have a bicrossproduct structure, which was pointed out in [12]
for the k-Poincaré algebra and in [13] for the «-Galilei algebra.

There is now another standard ‘space-like’ deformation, since a space-translation
generator remains primitive and the deformation parameter has dimensions of length, in
contrast to the k-deformations. To perform these g-deformations the framework of the
Cayley—Klein (CK) pseudo-orthogonal algebras [ 14] was used, which includes inhomogeneous
algebras such as the Galilei, Poincaré and Euclidean algebras, in order to obtain a general and
unified approach. The quantum deformation of these CK algebras in (1 + 1) dimensions was
performed in [15]. The generalization to higher dimensions was presented in [16—18]. The
deformation parameter of these ¢-algebras has dimensions of length. Moreover, these quantum
CK inhomogeneous algebras have a bicrossproduct structure as studied in [19]. Incidentally,
the «-Poincaré algebra also appears inside the g-CK family after appropriately choosing the
parameters and the ‘physical’ basis of the algebra [19].

The non-standard deformation of the Poincaré algebra in (1 + 1) dimensions appeared for
the first time in [20], and the non-standard (1 + 1) Galilei-Heisenberg algebra was introduced
in [21]. Both non-standard kinematical algebras also have a bicrossproduct structure, as
displayed in [13]. Following with the above simile this non-standard deformation of the
Poincaré algebra can be seen as a ‘light-like’ deformation if one considers a null-plane
basis (see [22-24], respectively). All these quantum ‘null-plane’ Poincaré algebras share
the bicrossproduct structure that was displayed in [13] for the (1 + 1) case and in [25] for
higher dimensions. The non-standard Galilei algebras also have a bicrossproduct structure.

The interest of the quantum versions of the kinematical groups and algebras from a
physical point of view is as ‘quantum’ generalizations of the symmetries of the physical
space—-time in a noncommutative framework. The study of these quantum symmetries
and their representations generalizes the Wigner programme inside the perspective of the
noncommutative geometry [26], whose importance in physics is increasing.

For these groups having the structure of a semidirect product, Mackey’s method [27]
provides their unitary representations by induction from the representations of one of their
subgroups. In this paper we study the induced representations for some quantum kinematical
algebras acting in spaces of (1 + 1)-dimensions using the CK approach, which allows us a
unified point of view for all of them. The fact that these quantum CK inhomogeneous algebras
have a bicrossproduct structure, which all of them share, simplifies the construction procedure
of their induced representations and also gives a unified model for all of them.

The induction procedure formulated by us presents a strong algebraic character because
we made use of objects such as modules, comodules, etc, which, from our point of view, are the
appropriate tools to work with the algebraic structures characteristic of the quantum algebras
and groups.

In the literature we can find some attempts to develop techniques that generalize the
Mackey method [27] of induced representations for semidirect product groups to the quantum
case. For instance, in [28] Dobrev presented a method for constructing representations of
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quantum groups near to ours, since both methods emphasize the dual case, closer to the classical
one, and the representations are constructed in the algebra sector. Other authors [29-33] have
also extended the induction technique to quantum groups but constructing corepresentations,
i.e. representations of the coalgebra sector.

The organization of this paper is as follows. In section 2 we present a mathematical outline
of the concepts that we will use throughout the paper in order to unify notation. Section 3
is devoted to summarizing the theory of induced representations of quantum bicrossproduct
algebras. We begin to study the induction problem taking into account the deep relation between
modules and representations obtaining, in some sense, deeper results from a geometric point
of view using the concept of regular co-space. Since our aim is to construct the induced
representations of certain quantum inhomogeneous CK algebras, section 4 is devoted to
briefly describing these g-algebras. In section 5 we construct, in some detail, the induced
representations following the method developed in section 3. We start with the computation of
the flow associated with the action of the generator of one of the factors of the bicrossproduct
over the other. After, we are able to determine the regular co-spaces determining the induced
representations that we obtain below in an explicit way. Moreover, g-Casimir equations are
also obtained.

2. Preliminaries

Let H = (V; mn; Ae; S) be a Hopf algebra with underlying vector space V over the field K
(C or R), multiplicationm : H @ H — H, coproduct A : H - H® H,unitn : K - H,
counit € : H — K and antipode S : H — H.

The algebras involved in this work are infinite-dimensional algebras but finitely generated,
for this reason we will use a multi-index notation [6]. Let A be an algebra generated
by the elements (aj,as,...,a,) such that the ordered monomials a" = aj'ay’---a
(n = (ny,n2,...,n,) € N') form a basis of the linear space underlying A. An arbitrary
product of generators of A is written in a normal ordering if it is expressed in terms of the
(ordered) basis (a"),en. The unit of A, 14, is denoted by a® (0 € N*). Multi-factorials and
multi-deltas are defined by

n=[lw. =[] @.1)
i=1 i=1

A pairing between two Hopf algebras, H and H', is abilinear mapping (-, -) : HxH' — K
verifying some defining relations [9]. The pairing is said to be left (right) nondegenerate if
[{(h,9) =0,Vo € H] = h =0 ([{(h, ¢) = 0,Vh € H] = ¢ = 0). The pairing is said to be
nondegenerate if it is simultaneously left and right nondegenerate. Two Hopf algebras and a
nondegenerate pairing, (H, H', (-, -)), determine a ‘nondegenerate triplet’. The bases (h™) of
H and (¢,) of H' are dual with respect to the nondegenerate pairing if

(h™, on) = cady, cn € K—{0}. 2.2

Given a nondegenerate triplet and the map f : H — H, we shall say that the map
fT+ H — H’, defined by

(h, f1(@) = (f (M), ), 2.3)

is the adjoint map to f with respect to (-, -).
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We will use the endomorphisms of ‘multiplication’ (denoted again by 4 and ¢) and ‘formal
derivation’ (- = 9 and % = 0,). They verify that " = 9, and ¢" = 9),. The situation is
similar when H and H' are finitely generated. The definition of the formal derivative is

ad
ah;
The generalization of the ‘multiplication’ operators is not straightforward if the algebras are

non-commutative. To avoid any confusion the formal operators associated with the generators
h; will be denoted using a bar over the corresponding symbol. The action of these operators is

E(hll‘-~-hﬁ"-~-hf;)=h’f-~~hf»"+1-~-hf;. (2.5)
For the elements ¢ € H’ the ‘multiplication’ and derivative operators are defined in a similar

way. Note that if H (resp. H') is commutative then /; (resp. @') acts as a multiplication
operator, but this is no longer true when the algebra is noncommutative. The adjoint operators

(R Rl Ry = Rl Tl 24

are Ej = 0yi, o= dp,. The commutation relations for h; and dp, (similar for @' and 0, ) are
[On;, hj1 = 8, [hi, h;j]1=0, [Oh;> On;1 = 0. (2.6)
Let (V,«, A) be a triad composed of a unital and associative K-algebra A, a K-vector

space V and a linear map (called action) « : A ®x V — V (e¢(a ® v) = a>v). Itis said that
(V,a, A) (or (V,>, A)) is a left A-module if

av (b>v) = (ab) > v, lsv=nu, Ya,be A,Yv e V. 2.7

Dualizing an A-module a comodule is obtained. The triad (V, «, C), where C is an associative
K-coalgebra with counit, V a K-vector space and €: V — C Qg V (v 4= vV @ v?) a
(linear map) coaction, is said to be a left C-comodule if

U(l)(l) ® U(l)(g) v? =1V g U(2)(1) ® v(z)(z), G(U(l))v(z) =, YveV, (2.8)

with A(c) = ¢y ® c(z) denoting the coproduct of the elements of C.
A morphism of the left A-modules, (V, >, A)and (V',/, A),isalinearmap, f : V — V/,
equivariant with respect the action, i.e.
flavsv)=av' f(v), Yae A, YveV. (2.9)
Alinearmap f : V — V'between two C-comodules, (V, «, C) and (V’, «, C) isamorphism
if
W@ F?) = f)" @ f?, Vv e V. (2.10)

If abialgebra acts or coacts on a vector space equipped with an additional structure (algebra,
coalgebra or bialgebra) some compatibility relations for the action may be required [8].

Let A, B, C be an algebra, a bialgebra and a coalgebra, respectively. The left module
(A, >, B) is a B-module algebra if m 4 and 14 are morphisms of B-modules. That is, if
b (aa’) = (bay>a)(bo >a'), br1=¢€¢b)l, Vb € B,Va,ad € A. (2.11)
Aleft B-module (C, >, B) is a B-module coalgebra if A and €¢ are morphisms of B-modules,
ie. if
(b)) ® (b)) = (ba) > cqy) ® (b > c), ec(brc) = ep(b)ec(c),

Vb, c € B.

A left B-comodule (C, «, B) issaidto be a B-comodule coalgebra if A¢ and €¢ are morphisms
of B-comodules, i.e.

Ve C(z)a) ® C(z)(z) = C(1)(1)C(2)(1) ® C(1)(2) ® C(z)m, cWec(c®) = (mp o ec) (o).
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A left B-comodule (A, «, B) is a B-comodule algebra if m4 and 14 are morphisms of
B-comodules. Explicitly

(aa’)(l) ® (aa’)(g) = a(l)azl) %) a(g)azz), 1, a=13R® 14. (2.12)

The triad (B’, >, B) is aleft B-module bialgebra if simultaneously it is a B-module algebra
and a B-module coalgebra; (B’, «, B) is a left B-comodule bialgebra if it is a B-comodule
algebra and a B-comodule coalgebra.

A regular module (comodule) is an A-module (C-comodule) whose vector space is the
underlying vector space of the algebra A (coalgebra C). The action (coaction) is defined
in terms of the algebra product (coalgebra coproduct). If B is a bialgebra, the regular
B-module (B, >, B), whose regular action is b > b’ = bb’, is a module coalgebra. The
regular module (B*, <, B), obtained by dualization, is a module algebra with regular action
@ < b= <(p(1), b)§0(2) with b € B, (/NS] B*.

Let K and L be two Hopf algebras, with (L, <, K) aright K-module algebraand (K, «, L)
a left L-comodule coalgebra. The tensor product K ® L is equipped simultaneously with the
semidirect structures of the algebra K < L and coalgebra K >« L. If some compatibility
conditions are verified K o< L and K >« L determine a Hopf algebra called the (right-left)
bicrossproduct and denoted by K >« L [7,8].

Let K and £ be two Hopf algebras and (£, >, K) and (C, », £) a left K-module algebra
and a right L-comodule coalgebra, respectively, verifying the corresponding compatibility
conditions. Then £ > /C and £ »< K determine a Hopf algebra, £ »< I, called the (left-right)
bicrossproduct.

These two bicrossproduct structures are related by duality: if K and L are finite-
dimensional bialgebras and the K-module algebra (L, <, K) and the L-comodule coalgebra
(K, «, L) verify the compatibility conditions determining the bicrossproduct K >« L, then
(K4 L))" = K*»aL*

Ithas been proved in [3] that dual bases and *-structures over bicrossproduct Hopf algebras
may be constructed when the corresponding bases and x-structures of the bicrossproduct factors
are known. Thus, let H = K >« L be a bicrossproduct Hopf algebra and (K, K*, (-, -);) and
(L, L*, (-, -)) be nondegenerate triplets, then the expression

(kl, kX = (k, k)1(l, A)2 (2.13)

defines a nondegenerate pairing between H and H*. If (k,,) and (x,,) are dual bases for K
and K*, and (I,,) and (A,,) for L and L*, then (k,,1,) and («™A") are dual bases for H and H*.

It can be proved that given a bicrossproduct Hopf algebra, H = K <« L, such that K and
L are equipped with x-structures verifying the compatibility relation (I < k)* = I* < S(k)*,
there is a x-structure on the algebra sector of H determined by

kD)* = I*k*, keK,lelL. (2.14)

3. Induced representations of bicrossproduct algebras

The main results regarding the theory of induced representations for quantum bicrossproduct
algebras will be summarized in this section (see [3-6] for a complete description of induced
representations of quantum algebras).

As we have seen in the previous section, different actions are involved, and henceforth
we will denote them by the following symbols (or their symmetric for the corresponding right
actions and coactions): = (<) (bicrossproduct actions (coactions)), - (induced and inducting
representations) and >, < (regular actions).



8454 O Arratia and M A del Olmo

Let (H,H, (-, -)) be a nondegenerate triplet and L a commutative subalgebra of H.
Suppose that {/1, ..., [} is a system of generators of L which is completed with {ki, ..., k,}
to get a system of generators of H, such that (/,),ens 1s a basis of L and (k;uly) g nyen xiv @
basis of H. Moreover, there is a generator system of H, {«y, ..., k,, A1, ..., Ay}, such that
(K™ A" m.myenr xvs 18 a basis of H dual to that of H with pairing

(ks K™ Ay = mnt8™ 8" (3.1
In order to construct the representation of H induced by the character of L, determined
bya = (ai, ...,a,) € K* (explicitly, 1 41, = a, = a]'---al",n € N*), we need to know

its carrier space K" and the action of H on it. The elements of K" are those of Homyg (H, K)
verifying the invariance condition

fl) = f(h) 41, Vie L,Vh € H. (3.2)
They can be written as
= "V (3.3)
(m,n)eNr xNs

by identifying K" = Homy (H, K) with H via the pairing. The equivariance condition (3.2)

(Wi, fYy="(h, )1, Vlie L,Vh € H, 34
together with duality give the relation

m!n! fon = (kmln, f) = (ks f)an = m! finoan. (3.5
Hence, the elements of KT are

f=xy, KK, ¥ =eM...e®h, (3.6)

where KC is the subspace of H generated by the linear combinations of the ordered monomials
(k™)menr. Because i is product of exponentials, K and K" are isomorphic (k — k).
The action of H on K' is determined knowing the action over the basis elements

(k?) pernr . Putting

W)y b= [hlhk"A", peN, (3.7)
(m,n)eNr xNs

the [A]},, coefficients are evaluated by means of the duality
m!n![h]) = ((PY) A h, knly) = (P, hkpuly) = (P, hky)ay,. (3.8)

The properties of the action allow one to compute it only for the generators of H instead of
considering an arbitrary element of H. The problem reduces to writing &k, in normal ordering
to get the value of the paring in (3.8). Since in many cases this task is very cumbersome, our
objective will be to take advantage of the bicrossproduct structure to simplify the computations.

In the following we will restrict ourselves to Hopf algebras having a bicrossproduct
structure such as H = Kr« L, such that K is cocommutative and £ commutative. Let us
suppose that the algebras /Cand £ are finite generated by the sets {k; }/_, and {/;}]_,, respectively,
the k; are primitive and (k,),en and (1) mens are bases of the vector spaces underlying X and
L, respectively. Let * and £* be the dual algebras of X and £ having dual systems to those of
K and £ with analogous properties to them. So, duality between H and H* is given by (3.1).

We are interested in the construction of the representations induced by ‘real’ characters
of the commutative sector £. We will show that the solution of this problem can be reduced
to the study of certain dynamical systems which present, in general, a nonlinear action. The
above results can be summarized in the following theorem.
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Theorem 3.1. The carrier space of the representation of H induced by the character a of L,

141, =a,, aceC,neN, 3.9
is isomorphic to K* and is constituted by the elements of the form
Ky, K €K, Y= ehte®h . edhs A € LF. (3.10)
The induced action of the elements of H over the elements of the carrier space C' is given by
fHh= %xm<h’%f>w fech (3.11)
meN"

To obtain the explicit action of the generators of /I and £ in the induced representation, let
us start by identifying £, because it is commutative, with the algebra of functions F (R*) by the
morphism £ — F(R®), (I + [), mapping the generators of £ into the canonical projections

[i(x) = xj, Vx = (X1, %2, ..., %) €ERS, j=1,2,...,5s. (3.12)
This identification allows one to choose a x-structure keeping invariant the generators of £ by
=1, j=12,...,s. (3.13)
Hence, the characters of £ (3.9) compatible with (3.13) are real. They can now be written as
11 =1I(a), aelR. (3.14)

Also, the right action of IC on £ can be carried to F(R*). Since the generators of K are
primitive, they act by derivations on the K-module algebra of K >« £ inducing vector fields,
X;,on R’ by

X =0k, i=1,2,....r (3.15)
The flow associated with X;, ®; : R x R* — R, is given by
(Xi f)(x) = (Dfx.0,)(0), (3.16)

where fy o,(t) = f o ®i(x) and D is the derivative operator. Thus, we can state the following
theorem that allows us to have explicit formulae for the action.

Theorem 3.2. The explicit action of the generators of K and L in the induced representation
determined in theorem 3.1 and realized in the space KC* is given by the following expressions:

K"ki=K<k,‘,

o 3.17
K lj = Klj o q)(Kl,Kz,...,K,»)(a)v ( )

wherei € {1,...,r}, j €{l,...,s), the symbol < denotes the regular action of K on K* and
q)(Kl.K2 ..... k) — be’ O++-0 CD;Z o cD/]q

We can reformulate the induction procedure in terms of modules because of their deep
relation with representations [3,6]. The regular H-modules associated with a Hopf algebra H
and itsdual H*, (H, <, H), (H*, >, H), (H, >, H) and (H*, <, H), will help us to describe
the actions as well as the carrier spaces involved in the induced representations. The modules
(H*, >, H) and (H*, <, H) are called co-spaces since they can be considered as an algebraic
generalization of the concept of G-space.

The commutative or cocommutative Hopf algebras are, in fact, of the form F(G) or
C[G], the group algebra of G, (or U (g)) for any group G [8]. Hence, the bicrossproduct Hopf
algebras, that we consider in this paper, can be factorized as

H=U®<4F(L), H* = F(K)»aU(l) (3.18)

where K and L are Lie groups with associated Lie algebras € and [, respectively.
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The use of elements of H and H*, such as

kr € H, ke K,»e F(L),

. (3.19)
kl e H, ke F(K),leL,

instead of the standard bases of ordered monomials, allows an effective description of the H
regular modules.

Theorem 3.3. The action on each of the four regular H-modules is

(H, <, H) : (kh) < k' = kk' (. < k), (kX) < A = kaN;

(H*, >, H): k' > (kl) =k > )k >1), A= (kD) =Nkl (3.20)
(H, =, H) : k' = (kA) = k'k2, A= (kA) = k(M <k)A;

(H*, <, H) : (k) < k' = (x < k), kD) <X =Kk oD

where [ is the map, K — L(k — k1), projecting the group K on the orbit passing through
1 € L such that IV, \)I® = xol, forallk,k' € K, x,\ € F(L), k € F(K) andl € L.

Note that in this theorem we have taken into account that in (U (I), >, F/(L)) holds
A=1=x1DI, VA e F(L),Vl € L. (3.21)

Now we can carry out a complete analysis of the representations of H = U (£) >4 F (L)
induced by the one-dimensional modules of its commutative sector. Note that the set of
characters of the algebra F (L) is its spectrum and, hence, the spectrum of F(L) is isomorphic
to L. Fixing an element / of L, the character is given by

14 =x(Q), Ae F(L). (3.22)

The carrier space C' of the representation of H = U (£) >« F (L) induced by (3.22) is the set
of elements f € H* satisfying the condition

A= fF=1DF, Va € F(L). (3.23)

Expanding f in terms of the bases of ¢ and [, imposing the equivariance condition and
considering the definition of second kind coordinates A ; over the group L we obtain that

f=«l, k € F(K). (3.24)

The right regular action determines the action on the induced module that can be carried
to F(K) using the isomorphism F(K) — C'(k + «I). Consequently,

Kk k=K <k, k= A=xol). (3.25)

Comparing these expressions with those of theorem 3.2, we see that the action of U (¢) is
determined by the regular action. The action of F(L) is multiplicative and its evaluation is
essentially reduced to obtain the flows associated with the action of K on L derived from the
bicrossproduct structure of H.

Finally, the following theorem summarizes the induction procedure for bicrossproduct
algebras.

Theorem 3.4. Let us consider an element | € L supporting a global action of the group K.
The carrier space, C', of the representation of H induced by the character determined by | is
the set of elements of H* of the form

kl, k € F(K). (3.26)
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There is an isomorphism between C' and F (K) given by the map k +— «l. The action induced
by the elements of the form k € K and A € F(L) in the space F (K) is
kdk=x <k
k4 A =xol).
The modules induced by | and k | are isomorphic. Consequently, the induction algorithm

establishes a correspondence between the space of orbits L/K and the set of equivalence
classes of representations.

(3.27)

3.1. Local representations

The quantum counterpart of the local representations [2] of Lie groups can be obtained inducing
from representations of the subalgebra U (£). Given a character « of U (),
k € spectrumU () C F(K), k-1=«(k)), (3.28)

the carrier space, C', of the representation induced by « is determined by the equivariance
condition

f<k=«kl)f, Vk € U(¥) (3.29)
obtaining that the elements of C' are of the form
f=«l, LeU(. (3.30)

The isomorphism U ([) — C' (I — «1) allows one to realize the induced representation over
Q)

k1l =k(kk>I, AEL=ADI. (3.31)

The local representations of the quantum extended (1 + 1) Galilei algebra [33] have been
obtained in [34].

4. Quantum iso,(2) algebras

The algebras called CK pseudo-orthogonal algebras s0,, 4, .0y(N + 1) are a family
of (N +1)N/2 dimensional real Lie algebras characterized by N real parameters

(w1, w2, ...,0y) [14, 19]. In the ‘geometric’ basis (J;j)ogi<jgn the nonvanishing
commutators are
[Jij, Jik]l = wijJjks [ij, Jjk]l = —Jik, [Jik, Jjix]l = wjedij, (4.1)

with0 <i < j <k < N and w;; = H£=i+1 wy.

The parameters w;, in fact, only take the values 1, 0 and —1 since the generators J;; can
be rescaled. When w; # 0Vi, the Lie algebra so,, 4,....0y (N + 1) is isomorphic to some of the
pseudo-orthogonal algebras so(p, g) with p+g = N+ 1 and p > g > 0. If some w; vanish
the corresponding algebra is inhomogeneous.

In this paper we are interested in the particular case of N = 2 and w; = O.
These inhomogeneous algebras so¢ ., (3) can be realized as algebras of groups of affine
transformations on R? [14] (i.e. the Euclidean group when w, = 1, the Galilei group when
w, = 0 and the Poincaré group when w, = —1). In this case the generators Jy; are denoted by
P; stressing their role as translation generators. The remaining generator Jj, = J is associated
with compact (w, = 1) and noncompact rotations (Galilean and Lorentzian boosts).

The algebra sog ., (3), that we shall denote by iso,,(2), is characterized by the commutators

[J, Pi] = Py, [J, P,] = —wPy, [P, P,]=0. 4.2)
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We shall use the following ‘generalized trigonometric functions’ [14, 15]:
eV—ox 4 o—v/-ox eV —0x _ g—v/—0x

Colx) = ———F—, So(x) = W= 4.3)

2

When w < 0 (w > 0) these expressions become the trigonometric (hyperbolic) functions. For
w = 0 the parabolic functions Cy(x) = 1 and Sp(x) = x are obtained. The functions (4.3)
satisfy identities similar to those of the usual trigonometric functions. Some useful properties
that will be used in following computations are

C2(x) +wS2i(x) =1,

Cox +y) = Co()Cp(y) — @S, (x)Sw(¥),
Sw(x +y) = Su(x)Cp () + Co (x)S, (y),
C,(x) = —wS,(x), S, (x) = Cy(x).

A simultaneous standard deformation for all the enveloping algebras U (so,, «,(3)) was
introduced in [15], The particular case of the deformed Hopf algebras U, (iso,,(2)) is obtained
taking w; = 0 and, obviously, w, = w.

It was proved in [19] that the standard quantum Hopf algebras U, (1504, a;,....con (IV))

have a bicrossproduct structure. So, U, (is0,(2)) is characterized in a basis adapted to its
bicrossproduct structure by

“4.4)

1_e—2AP2 )
[J, P1] = o + zka)Pl, [J, ] = —wP;
AP)=PR@1+e 2@ P,
AP)=P,R1+1Q P, AN =J@1+e @ J:
e(P) =€(P) =¢€¢(J)=0;
S(P) = =P, S(P)=—Py, S =—"

The bicrossproduct structure U, (is0,(2)) = K« £, where £ is the Hopf subalgebra
spanned by (P, P,) and K is the commutative and cocommutative Hopf algebra generated by
J, is determined by the action of /C on £ given by

l — 672)LP2
P]<1J=[P],J]=—[ > +§,\wpf}, Py<aJ =[P, J]=wP, (4.5)
and the left coaction of £ on I, which over the generator of K takes the value
Ja=e @ (4.6)

The dual algebra F, (IS0, (2)) is generated by the local coordinates ¢, a;,a,. Its
commutators, coproduct, counit and antipode are given by

[ai, o] = A(1 — Cy(9)), [az, o] = AS, (), lai, a2] = Aay;
Aa) = a1 ® Co(@) +a; ® wS,(p) +1 ® ay,
Alar) = —a; @ S, (@) + a2 ® Cp(p) + 1 ® ay,

A =¢QR1+1Q¢; 4.7
e(a)) = e(a) = €(p) =0;
S(a1) = —Cu(p)ar — wS,(@)az, S(a2) = Sy (p)a; — Cy(p)as, S(p) = —o.

This Hopf algebra exhibits the bicrossproduct structure F; (1 SO, (2)) = K* »< L*, dual of the
one above, with * generated by ¢ and £* by a1, a>. The left action of L* over K* is given by

ar>¢ = r(1 = Cy(e)), ar > @ = AS,(9). (4.8)
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The right coaction of K* over L* takes the following values over the generators of £*:
> a; =a; ®Cu(p) +a2 @ S, (), > a; = —a; @ S,(p) + a2 ® Cy(9). 4.9)

The results mentioned in the last paragraph of section 2 dealing with dual bases and *-
structures over bicrossproduct Hopf algebras allow one to construct a pair of dual bases in such
a way that the duality form between U, (is0,,(2)) and F; (IS0, (2)) is

(J" PP, pldia5) = m!n!p!8}s;s;,. (4.10)

5. Representations of U, (is0,,(2))

Firstly, according to the theory of representations of bicrossproduct algebras displayed in
section 3 and, in particular, theorem 3.2, we need to know the flow associated with the action
of Con L.

5.1. One-parameter flow for U, (is0,(2))

In [19] the factor K is interpreted as the enveloping algebra U (so,(2)), while L is seen as a
deformation of the algebra of the group of the translations in the plane 75, U, (t;). Hence,

Ui (150, (2)) = U(s0,(2)) > Uy (t2), F,(IS0,(2)) = F(S0,(2))» Fy(T2).  (5.1)
However, our interpretation given here is different since
Ui (1504, (2)) = U(s0,(2)) > F (T}, 2), (5.2)

where T, , denotes the Lie group with composition law
(af, ay) (a1, o) = (@] +e " ay, o) + ). (5.3)
Now the generators P, and P, are considered as a global coordinate system over T} ,, i.e.
Pi(o, o0) = ay, Py, a2) = ay. (5.4)

The module algebra structure included in U, (is0,(2)) = U(so,(2)) > F (T} ) determines
the action of SO, (2) over T, » by means of the vector field
R _ a—2AP
e _[ls—x + %,\wpf} 9 wr L (5.5)

Prior to determining the flow associated with JA(M we can obtain a first qualitative
information by identifying the fixed points of fw, 2. When w # 0 only the origin (0, 0) is
an equilibrium point, but if w = 0 the set of fixed points is the straight line of equation oy = 0.
The deformation due to A does not change the character of these points. Thus, the point is
elliptic if @ > 0 and hyperbolic if w < 0.

The one-form

1—e

—2)\P2 l
Ny = p|:a)P1 dpP; + (T + 5mP§> dP2:|, p € F(Ty»), (5.6)

verifies J, |n, = 0. Taking py = A%e*" one obtains that 7,, is exact and invariant under

A

Jw.»- Adding a constant and rescaling the invariant function under the action of J
1
h = Ew,\zpﬁeAPz +cosh(AP,), (5.7)
we obtain a central element of U, (iso,,(2))

h(APy) — 1 4 K
PO gy L (Sn) o)

such that in the limit A — 0 we recover the nondeformed Casimir C,, o = w P} + P} of is0,,(2).

Cw,k = (,()Plze)LP2 +
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The computation of the trajectories of fw, » requires one to solve the equation system

o] = —|:—1 — et + l)\a)azi|
' 25 27 (5.9)
dz = wi].
The integral curve y can be expressed as
1 sinh(AB)S,, ()
N = S osh () + sih ) (D) (5.10)

() = %m[cosh()»ﬂ) + sinh(A8)C,, (1)].

Using the fact that @;’A(y(r)) = y(t +1) the flow can be evaluated
DL (o, @) = <{2a1,\e*“2cw(t) + (0r*afe*™ — sinh(La,))S, (1)}
x {2\ cosh(Aay) + a)kz’afe’\‘"z + (2x sinh(Aap) — a))ﬁozfek‘“)cw(t)

1 1
+ 2020?28, (1)), 5 In [cosh(kaz) + Ea)kza%emz

+ (sinh(Aa) — TwA%a e’ ) Cy(t) + a))uozlemzsw(t):|>. (5.11)

In the limit A — 0 we recover the linear flow
D, (a1, a2) = (Co () — Se (), WS, (e + Cp(t)arr), (5.12)

which corresponds to the nondeformed action given by the vector field fw,o = —Py0p,+wP10p,.

Note that although expression (5.11) has been obtained for w > 0 and A > 0 it can be
proved that it is also valid for the remaining values. In some sense, the flow has an ‘analytic’
dependence on the parameters w and A, which allows one to extend the results obtained in a
region of the parameters space to the whole of it.

The flow (5.11) is globally defined when w > 0 but is only local for o < 0 as it is
easy to prove considering the integral curve passing through a point such as (0, «): since the
logarithm argument has to be positive one obtains the inequality

cosh(Aap) + sinh(lay)C, (1) > 0, (5.13)
if the product A« is negative the definition interval of ¢ is bounded
t € (—C,' (= coth(r2)), C, ' (— coth(hap))). (5.14)
The flow (5.11) describes the action of SO, (2) over T; »
e o (ar, o) = D), (a1, a2), (5.15)

which decomposes the space 7} » on the strata of orbits depending on the values of w:
e Case w <0

% A stratum with only one orbit with only one point: (0, 0). The isotropy group is
S0,(2).
* Four orbits determined by the points

(l—e* 1) (l—e’\ 1) < 1—e™* 1)
MW= ) MW= ) W= ) 516
1—e (5.16)
— ,—1).
(e )
These orbits are isomorphic to R and have the point (0, 0) as an accumulation point.

* The remaining points of T} , constitute another stratum fibred by orbits diffeomorphic
to R since they are branches of deformed hyperbolae.
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e Casew =0
* A stratum is constituted by the points (¢, 0), each of them is an orbit.
* The orbits {(«1, az)|at; € R, ay # 0 but fixed} determine a stratum.
e Case w > 0
* The point (0, 0) constitutes the only orbit of this stratum.
* The orbits diffeomorphic to the circle determine another stratum.

Note that the deformation associated with A does not give qualitative changes with respect
to the nondeformed case. Summarizing, we can say that the quotient spaces are isomorphic:

T.2/80,(2) = Tp2/S0u(2). (5.17)

5.2. Regular co-spaces

Once the flow associated with the bicrossproduct structure of U, (iso,(2))) is known,
we can study the regular co-spaces (Fy(IS04,(2)), <, U, (is0,(2))) and (Fy(IS0,(2)),
>, U, (i50,(2))), which are basic elements characterizing the induced representations of
U,.(i50,(2))).

The structures of both co-spaces are easily deduced combining theorem 3.3 with
expression (5.11) of the flow of J. Firstly, remember that (F; (1S 0,(2)) can be described by
elements of the form

(a1, a2), ¢ € F(S0,(2)), (o1, a2) € Th 2, (5.18)
instead of monomials ¢?aja3.

(1) For the right coregular module (F5 (I S0,(2)), <, U, (is0,(2))) we have that
[p(ar, )] < e = (e ) (e, a2),

[p (a1, @2)] < P = ${2012e*C, (9) + (03 e
— 25inh(A2))S, (@) }{2A cosh(Aay) + wA a?e™®?) + (2 sinh (Lay)
— wAaie!)C,(9) + 2037@1eMS, (9)) ! (@1, @),

1 1 2 2 i : 1 2 2 Al
[Py, a2)] < P, = ¢X In| cosh(Aay) + Ewk aye™® + | sinh(laz) — Ewk aye™ )Cpy(p)

+ wkale’\o’zsw(w)} (a1, a).

The dot stands for the argument of the function ¢ = ¢ (-). Developing in power series of ¢ and
considering the first order in the first expression and the multiplication and derivation operators
associated with the basis ¢?ajaj we can write the action of the generators of U;, (is0,,(2)) over
an arbitrary ‘function’ f € F;(1S0,(2)) only making the changes
0 —> @, a; — i =0,. (5.19)
Ba,- !
In this way we obtain

f=<J=0,f

‘ 92
f<P = {maa,e“azcw(@) + (a)kzﬁew“z — 2sinh()\aa2)>sw(¢)}
1

9 9
x {2,\ cosh(3d,,) + wk3ﬁe)‘a“2 + (u sinh(1d,,) — wﬁﬁe“’uz)Cw(@)
ai a

-1
+MM%&%&@4 £,
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1 1 92 1 92
pPy=—1 h(Ada,) + w2 —e*% + [ sinh(Ad,,) — —wA? — e |C,(@
f<P . n|:cos (A04y) Za) Bafe sinh(19,,) 2a) 8a%e (@)
+ WA, e sw(@} f.

From the above result the action of the generator J over the ordering monomials ¢?aja; is
easily evaluated:

(plaiay) < J = q(qulafaé, (5.20)

but this is not the case with P and P,, except in the nondeformed case where the action reduces
to

__ 0 __d __ 0 __ 0
f < Pl = Cw((p)_ - Sw(w)_ fa f < P2 = wsw((p)_ +Cw(§0)_ f
8a1 8612 8a1 8a2
(5.21)
So, when A = 0 one obtains

(p'ata3) < Pr=r¢?Cy(p)a;™"a} — s¢?S,(p)aja ™", 5.22)
(pldia3) < Py = wre?S,(p)a; a5 +s@iC,(p)ajas . ’

(2) The description of the left coregular module (F3 (IS0, (2)), >, U, (is0,(2))) is
performed in an analogous way. Firstly, considering theorem 3.3 one obtains

e’ > [p(ar, 02)] = ¢(-e”>({2m1e*“2cw(r> + (02 afe™ — 2sinh(A2))S, (1)}
x {21 cosh(ray) + wAa?e™® + (24 sinh(Aay) — wA’afe®)C,, (1)

1 1
+ 202 201e*S,, (1)), 5 In [cosh(kaz) + Ewkzalzemz

+ (sinh(kaz - %wkza]zemz)Cw(t) + wkale’\o‘zsw(t)]),
Py > [¢p(ar, )] = a1¢ (g, az),
P > [¢p(ar, a2)] = arp (g, ).

With the same arguments in the case of the right regular co-space the action of the
generators can be written in terms of the multiplication and derivation operators

—2x

e [a l-e ﬁ+_a A_&ﬂ}f
f=|l——-a——+war— — —wa,— | f,
R17) ! 2 28a1 2 18(112 (5.23)
]
P~ f=—F i=12,
80,‘
which allows one to obtain the action of the generators over the basis ¢?aja;
q,r,.S q - s—1 A q, r—1_s q ,r—1_s+1
J > (plalay) = qplaja;,™ — Ewr(r — Dela|” a; + wrela; ™ a,
1 1 -
- ﬁ(pqaf“ai + ﬁ(pqarrl(az +20)°splalas t (5.24)
Py > (pajas) = refa a3,

ros r s—1
Py > (¢?ajay) = splaja;”.
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The subalgebra A, ;, = (a;, az) of F;, (I50,(2)), which is not a Hopf subalgebra, is stable
under the previous action. The explicit action of the generators of U, (iso,,(2)) over a generic
element ¥ (a;, ay) of A, , in terms of operators adapted to the basis ajaj3 is

, l—e P _ 5 A _ @
) = _ —_— Y + -~ A S 9 ) )
> Y (ai, az) ( G — R PR L Y (ai, az)
5 1 (5.25)
Pi>y(ar, ap) = gl//(fll,az), i=12.

The generators a; and a, of the co-space (A, 1, >, U, (is0,(2))) verify the commutation
relation

[a1, a2] = Aay (5.26)

defining a noncommutative geometry except in the nondeformed limit where the corresponding
classical geometries are recovered.
The action of the Casimir (5.8) of U, (is0,,(2)) on (A, ., >, Us(i50,(2))) is given by

Corv flar, @) = [wa—ze}” Pl sinh2<&i)}f(a1, a), (5.27)
: b2 32 2 943
or explicitly
92 1
Coo > flar, az) =wa—alzf(al,az+)»)+ E[f(al,az+)»)+f(a1,az — 1) = 2f(a1, @)l

(5.28)

This last expression shows the effect of the deformation transforming one of the derivatives
on a finite difference operator.

An interesting problem is the solution of the wave equations associated with this two-
parameter family of Casimir operators (in this context see, for instance [35] and references
therein). Considering the group 7; , included inside A, , by means of the exponential map,
the action of the Casimir over the elements (o, ;) € Tj » is given by

4 A
Coi > (a1, 0p) = [a)a%em * 3 sinh2(§a2>:|(oz1 , @), (5.29)

which suggests interpreting («y, @) as a ‘plane wave’.

5.3. Representations of U, (is0,(2))

The representation induced by the character of £
14 (PP =af'ay? (5.30)
(or, in other words, the representation induced by (o1, ®p) € T 1) is obtained as follows.

Theorem 3.4 gives the following result for the action of the generators in the induced
representation

p4J =9,
¢ 4 P = ¢p{2ha1€™2C,,(¢) + (0A*afe™™ — 2 sinh(Aa2))S,, (9)}{2A cosh(ra,
+2wAafe™ + (21 sinh(Aay) — wA’ate?™)C,, (¢) + 20A a8, (p)} 7,

1 1 2 2 Al
¢ P= qu In| cosh(Aay) + Ew)» aje

+ (sinh(ha2) — JwAafe’™)C, (p) + w,\ale*“zsw(go)].
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In the limit A — O we recover the more familiar expressions
pAJ =4,
¢ = Pr = ¢(1Co(9) — 2S4,(9)), (53D
¢ P = ¢p(0a1S, (@) + 2Co(9)).
The local representations obtained inducing with the character of U (so,(2)) given by
J"E1=¢", (5.32)

are
e (o, ) = e“({zmle*“zcw(t) + (oA ale’™ — 2sinh(Lay))S, (1)}
x {21 cosh(ray) + wAa?e™® + (24 sinh(Ay) — wA’afe®)C,, (1)

1 1
+ 202 201e*S,, (1)), 5 In [cosh(kaz) + Ea)}»zafemz

+ (sinh(haz) — Jwr2afe™)C, (1) + wmlemsw(r)]),

P = (a1, ap) = a;(ag, ay), i=1,2,

which can be written in an equivalent way using an arbitrary element, ¥ (a;, a,), of U(4, »),
as

l—e P _ 3 oA _
JEY(a, @)= |c—a—F—— +twh— — ;04— | ¥(a, a2),
2A 8&1 2 801 (533)
0 .
P Evy(a, a) = —v(a, a), i=12

aa,»
Notice that if we take ¢ = 0, which is equivalent to considering the character determined by
the counit of U (s0,,(2)), the action (5.25) of the co-space (A, 1, >, U, (is0,(2))) is recovered.
The Casimir action for the local representation coincides with those given by (5.27) since
only the generators P; are presented.
It is also worth noting that in this case in the limit A — 0 we obtain

8a2 Ba]

0 .
PiFW(al,az)=£1ﬁ(al,az), i=1,2,

which it is in agreement with the results for local representations [36].

0 d
JEY(a,a) = |:C —a— +a)a2—]W(a1, az),
(5.34)

6. Concluding remarks

The induction procedure that we have used here is not, strictly speaking, a generalization
of Mackey’s induction method for Lie groups. The concept of co-space generalizes in an
algebraical way the concept of G-space (G being a transformation group) and is connected
with the induced representations in some sense similar to the nondeformed case. In [6] we
presented a more general method that, obviously, can also be used for bicrossproduct algebras.
In [6] the knowledge of pairs on the dual basis of the corresponding Hopf algebra and its dual
is required, however, in the method used in this work this requirement is not necessary.

We have made use of the vector fields to compute commutators. For bicrossproduct Hopf
algebras, as used in this work H = K>« L, there is a connection between the representations
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of H induced by the characters of L and one-parameter flows. This relation allows one
to associate with quantum bicrossproduct groups dynamical systems. Here we have only
sketched the situation that is to be analysed in greater detail in [37].

The equations associated with the Casimir operators, as in the nondeformed case, will
give the behaviour of the ‘deformed’ quantum systems. A procedure for this solution can be
found in [35]. Note that g-special polynomials and g-functions may appear as solutions of
these g-Casimir equations.

From the point of view of applications the physics of unitarity representations is an
important question. To discuss this problem it is necessary to fix a x-structure on the Hopf
algebra and a scalar product on the vector space that supports the representation. Following
the method described in section 2 we can select the standard x-structures on the factors of
H = U (¥) > F(L) to get a x-structure on the algebra sector of H. Then, the first expression
in (3.27) says that the induced action of group-like elements k € U (8) C H is nothing other
than the (right-) regular one and henceforth, to ensure unitarity, we have to choose the Hilbert
space structure on F'(K) corresponding to the Haar measure on K. On the other hand, from
second formula in (3.27) we see that elements A € F'(K) C H act by means of a multiplicative
factor. Therefore, to be consistent with the x-structure, the deformation parameter must be
real but this choice leads to an unsolved problem: some divergent factors arise due to the local
character of the action of K on L which only turns out to be global for vanishing deformation
parameter values.

The equivalence of the induced representations is given by theorem 3.4, which establishes
a correspondence between classes of induced representations and orbits of L under the action
of K. This result is analogous to the Kirillov orbits method [38].

The problem of the irreducibility of the representations is still open. Partial results for
particular cases have been obtained (see [4] for the (1 + 1) x-Galilei algebra and [33] for the
quantum extended (1 + 1) Galilei algebra).
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